Abstract. Let G = (V0; V1 ; V2; E) be a 3-layer graph. The 3-layer drawings of G in which V0 , V1 , and V2 are placed on 3 parallel lines and each edge in E is drawn using one straight line segment, are studied. A generalization of the linear arrangement problem which we call the 3-layer pseudo linear arrangement problem is introduced, and it is shown to be closely related to the 3-layer crossing number. In particular, we show that the 3-layer crossing number of G plus the sum of the square of degrees asymptotically has the same order of magnitude as the optimal solution to the 3-layer linear arrangement problem. Consequently, when G satises certain (reasonable) assumptions, we derive the rst polynomial time approximation algorithm to compute the 3-layer crossing number within a multiplicative factor of O(log n) from the optimal.
Introduction
The planar crossing number problem is the problem of placing the vertices of a graph in the plane and drawing the edges with curves, to minimize the number of edge crossings 20] . This problem is known to be NP-hard 9] and has been extensively studied in graph theory 23, 16] , and theory of VLSI 13] . One of the most important aesthetic objectives in drawing graphs is to have a small number of crossings 17], and therefore the crossing minimization problems have been frequently studied by the graph drawing community e.g. 4, 5, 11, 15] .
Let G = (V; E) be an undirected graph with the vertex set V and the edge set E. G is called a k-layer graph, if a partition of V into k sets V 0 ; V 1 ; :::; V k?1 exists so that any edge in E has one end point in V i and the other end point in V i+1 for some i = 0; 1; 2; :::; k ? 2 Computing the bipartite crossing number is NP-hard 9] 1 and despite a great deal of research which was done on this problem, no polynomial time approximation algorithm had been known for this problem. Very recently a polynomial time approximation algorithm with performance guarantee of O(log n) from the optimal was discovered for approximating the bipartite crossing number of a large class of graphs on n vertices 19] . Nonetheless, no e cient approximation algorithm for minimizing the number of crossings in a k-layer drawing has been known for k 3. The main results in 19] were obtained by relating the bipartite crossing number problem to the linear arrangement problem which is another well known problem in theory of VLSI. In this paper we develop a general framework to study the 3-layer crossing number problem by relating it to a very general version of the linear arrangement problem which we call the pseudo-arrangement problem. In particular, we derive tight upper and lower bounds for the 3-layer crossing number in terms of the arrangement values. The ratio of the main term of the upper bound to the main term in the lower bound is only 3, and the error term is the sum of the square of degrees in G. The result is interesting, since it indicates that the number of edge crossings is closely related to the length of the drawing which is de ned by the pseudo-arrangement problem. Consequently, we derive the rst polynomial time approximation algorithm for the 3-layer crossing problem with the performance guarantee of O(log n) from the optimal, provided that the graph satis es certain conditions.
Basic Concepts and Notations
Let G = (V; E) be a graph, we denote by d v the degree of v 2 V . Throughout this paper G = (A; B; E) denotes a bipartite graph on the partite sets A and B, and the edge set E. G = (V 0 ; V 1 ; V 2 ; E) denotes a 3-layer graph, with vertex set V = V 0 V 1 V 2 , jV j = n, and the edge set E. 1 Technically speaking, the NP-hardness of the problem was proved for multigraphs, but it is widely assumed that it is also NP-hard for simple graphs. The length of f, denoted by L f , is de ned to be
The 3-layer pseudo linear arrangement problem is to nd a 3PLA for G which has the minimum length. We denote this minimum value by L G . Let f be a 3PLA of G. For v 2 V 0 V 2 , let u 1 ; u 2 ; :::; u dv be its neighbors in the set V 1 satisfying f(u 1 ) < f(u 2 ) < ::: < f(u dv ). We de ne the median vertex of v, denoted by med(v), to be u d dv 2 e .
Arrangements and 3-Layer Drawings
Let G = (V 0 ; V 1 ; V 2 ; E) and D be a 3-layer drawing of G. We assume throughout this paper that the vertices of V 0 are placed on the line y = 0, vertices of V 1 are placed on the line, y = 1, and vertices of V 3 are placed on the line y = 2.
Moreover, since the number of crossings only depends on the order of vertices, we will assume throughout this paper that the vertices of V 1 are placed into the We can now present our main result. Hence, by Theorem 1 cr D = (L G ): It remains to construct an O(log n) times optimal 3PLA, denoted by f, since then by Theorem 2 we can construct the desired drawing D. To construct f, we rst construct a O(log n) times optimal PLA using the algorithm in 18]. By Lemma 1 this gives a O(log n) times optimal 3PLA, or f, since 1 is bounded by a constant.
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